Rcs[rictions o n the hyperbolic trigonometric (HT) transformation are imposed to guarantee that a probability density fi~nction is obtained from maximu~n likelihood estimation. Performance of the restricted H T transformation sing data generated from normal, beta, gamma, logistic, log-normal, Pareto, Weibull. order statistic, and bimod;~l populatio~is is investigated via sampling experiments. Results suggest that the restricted HT transthrmation is sufficiently flexible to compele with the actual population distributions in most cases. Application of the restricted HT transformation is illustr:~tecl by characterizing uncertain net income per acre for c o m~l~u n i t y -s u~>~> c~r t e d
JEL Classifications: C7, Q l Stochastic efficiency analysis o f farm managem e n t alternatives freq~lently requires characterizing uncertain economic outcomes with estimated probabilily density functions ( e .~. , McDonald, Moftitt, a n d Willis; Yassour, Zilb e r n~a n , a n d Rausser). Economists have often rnet this need by estimating c o m m o n parametric pl-obability density functions such a s the n o r~n a l , g a m m a , beta, etc., f o r e c o n o m i c variables o f interest. Unfortunately, compelling theoretical reasons for choosing o n e c o mm o n probability density function o v e r another can b e rare. T h e choice between cornmon alternatives is often m a d e based o n the apparent tit of the various alternatives t o sample data. T h i s approach alnounts to choosing o n e ot' the c o m m o n densities t o best approximate the ilnk n o w n one, which, of course, m a y h a v e a n ~~n u s u a l shape relative t o even the most flexible o f the c o m m o n forms.
T h e hyperbolic trigonometric (HT) transformation f o r empirically estimating a probability density function w a s introduced by Tayl o r a s a n o t h e r w a y t o a p p r o x i m a t e a n u n k n o w n probability density function. H e e mphasized the flexibility o f the HT transformation using a cubic polynomial f o r m a n d noted particularly its ability t o provide approximations to bimodal densities. Despite its flexibility, the H T transformation has been applied in relatively few studies since its introduction. T h e r e appear t o be at least t w o reasons for t h e there is little practical i n f o r~n a t i o n t o shed
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light on the potential risks of estimating the HT transformation versus commonly used probability density functions. This lack of information has left practitioners with considerable ~lncertainty regarding the implications and appropriateness of the HT transformation for use in practical settings. This article extends Taylor's investigation of the HT transformation as a probability density f~~n c t i o n in two directions. First, the need to restrict the HT transformation in order to guarantee that maximum likelihood estimation leads to a probability density function is addressed for the cubic polynomial form used by Taylor. The constrained maximum likelihood estimator turns out to be practical for a wide range of sample sizes drawn from various populations. Second, sampling experiments based on small. medium, and large samples are used to assess the restricted HT transformation's flexibility in approximating various candidate fornls. The sampling experiments provide an indication of the risks associated with using the restricted HT form when the actual pop~l-lation that generated the sample data is unknown.
The next section develops the restricted HT transformation and the associated constrained maxi~nutn likelihood estimator. Following this, sampling experiments involving normal, beta, gamma, logistic, log-normal, Pareto, Weibull, order statistic. and bimodal populations are detailed in the third section. Use of the restricted HT transformation to characterize net income per acre for community-supported agriculture farms in the northeastern United States is presented in the fourth section. Some concluding remarks are given in the final section.
The Restricted HT Transformation
The HT transformation, f'(x), associated with uncertain outcome x is given by where sech(x) is the hyperbolic secant function and P(.\-) is a polynolnial in .w (Taylor. p. 7 1). Given n observations on x, denoted x , , s,.
. . . , x,,, Taylor suggested maximum likelihood   estimation of equation (I), where the likelihood function is given by and p is a vector of unknown pal-ameters contained in the polynomial P(x). A problem with the use of equation (2) is that the maximum likelihood estimate of P may lead to a fitted f(x), which does not qualify as a probibility density function. To see this, note that, while sech2(P(x-)) is always nonnegative, P'(s) need not be. Hence, maximum likelihood estimation can lead to an estimate of p for which P1(x) < 0 and. consequently, for which .f'(.r) < 0. In such cases, the maximum likelihood estimate provides results that violate a basic requirement of a probability density function. When estimating the HT transformation, it must be required that the estimated parameters lead to a probability density function, i.e., a function that is everywhere nonnegative. This means that the derivative of the polynomial, P 1 ( x ) , must be everywhere nonnegative. In general, the constrained maximum likelihood estimator is found as the solution to (3) maximize L ( P ) subject to P 1 ( x ) 2 0.
llil It should be noted that the solution to equation (3) restricts the HT transformation to provide an estimate of equation ( I ) that is always a probability density function. While noting that P(x) can be any order polynomial, Taylor applied the HT transformation using a cubic polynomial form for P(x), narnely
The asymptotic variance-covariance matrix of the maximum likelihood e\tituator of the HT model is minus the expected value of the inverse Hessian of the log-likelihood function. The latter is known as the inverse of the Fisher information matrix. The expected value of the Hessian in this case is intractable; however, minus the inverse Hessian, where the latter is evaluated using the sample data and the parameter estimates, is often used to estimate the asymptotic variance-covariance matrix in such cases. The Fisher information matrix associated with the HT transformation incorporating a polynomial is shown in Table 1 .
The restricted HT method developed subsequently guarantees that a proper probability density function (PDF) will result from maximum likelihood estimation in the case of a cubic polynomial. It should be noted that the use of the cubic polynomial is for approximation purposes and the individual parameters contained in equation (4) have neither an economic nor statistical interpretation. It is irnportant to remain mindful that, c.g., if the estimated coefficient 0, were statistically insignificant, one could not simply delete the third-order term in the polynomial, re-e\ti-mate, and work with a quadratic. The reawn this cannot be done is that P(x) would then be quadratic and it would not be possible to ensure that the estimated PDF would be everywhere nonnegative. However, unless degrees of freedom are very low, there does not seem to be a compelling reason to work with a lower order polynomial and thus there do not appear to be serious practical consequences associated with this limitation. When fitting the HT transformation as a probability density function, we require that the estimated parameters lead to a function that is everywhere nonnegative. This means that the derivative of the polynomial used in defining the form in equation (2) must be everywhere nonnegative. We now consider the implications of equation (4) for the constrained maximum likelihood estimation depicted in equation (3). We require that P1(x) 2 0, or equivalently, that P r ( x ) 2 0 at its minimum. Hence, we solve for the value of x at which Pr(x) achieves its minimum and require its minimum to be 20. Solving P'(x) = 0 gives x = (P3/(3P,)). A sufticient condition for -(P3/(3P,)) to be a minimum point of P f ( x ) is that the second derivative of P r ( x ) be positive or that 6P, > 0. Because P'(-P31(3P,)) = Pz -pj/3@,)), it follows that sufficient conditions for nonnegativity of P1 (.t-) (2) and incorporating the result of the substitution and the sufficient conditions into e q~~a t i o n (3) provides the problem to be solved to find the constrained maximuni likelihood estiniator for the restricted HT transformation:
sub.ject t o 1 -P2 5 0 and P, > 0.
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Solking equation ( 5 ) apprc>xirnate\ the probnbllity d e n s~t y function for the sample observation\ u\ing the H T transfc)r~nation. Maximum likelihood estimates may be obtained easily because equation ( 5 ) is a mathematical programming problenl. In the sampling experiments reported in the next section, maximum likelihood estimates following from solution of equation (5) were invariably rapidly obtained regardless of the sample size or sample population involved. The inequality constraint was found to bind in a nurnber of cases involving the sampling experiments and in the empirical illustration as well. It should also be noted that the cumulative distribution function associated with the solution of equation ( 5 ) will be well behaved. To see this, observe that the indetinite integral o f the probability density function is latter conditions will be met by the cubic polynomial obtained from equation (5). Finally, it should also be noted that the constraints in equation ( 5 ) are sufficient but not necessary conditions for nonnegative density function estimates in cases where the outcomes are nonnegative. In t h e latter case. c h e c k i n g would be needed to see if the constraints were i~nduly restrictive.
Sampling Experiments
This section reports sampling expel-ilnents involving application of the restricted HT trans-I'ormation to sample data drawn from normal. beta, g a m m a , logistic. log-normal, Pareto. Weibull, order statistic. and bitnodal populations. The order statistic population refers to the minimum of two normally distributed randorn variables. The experimental design was as follows. Denoting the population density by g(.r), samples of si7e rz = 30. 100, and 1,000 were drawn from the population density. T h e parametric form of the true population density was estimated by the method of maximum likelihood for each sample size to obtain the fitted form of the population density, i ( x ) . T h e restricted H T transformation was estimated by solving equation (5) in conjunction with the same sample data used to estimate the true populaticln density. The HT approximation t o the population density is denoted by ,f(x) Specific population densities employed in the experiments were normal: -; 0.5 tiinh(P(s)) + c for all P(x). beta:
If we take (. = 0.5, then the indefinite integral of the probability density function is 0.5 tanh(P(.r)) + 0.5 for all functions P(.\-). Because of the properties of tanh (lim,,, tanh(x) = 1 and lim,,-, tanh(.r) = 0). the area under the probability density function is 1 if P(x) + 2 as x + x and P(.r) + -= as x + -2 . T h e with = 16 and a = 2 with u = 1 0 . Table 2 , the AIC selects the fitted population density over the fitted restricted HT transformation in ;ill cases except for the logistic and Weibull population densities. Because o f the close relationship between the logistic and the H T transformation, the result concerning the logistic is expected. while there is no obvious explanation for the Weibull selection beyond sampling variation and the use of a finite sample size in conjunction with an asymptotic criterion. The Vuong test indicates that the restl-icted HT transformation provides a fit with differences that are statistically insignificant from the fitted population density in half of the cases. The most significant differences between the fitted restricted H T transformation and the titted population density occur in the cases of the log-normal and Pareto populations. The number of parameters for the population and restricted H T transformation are the same ( n , = nZ = 4 ) for the beta, order statistic. and bimodal populations. Hence, the likelihood dominance criterion selects the fitted density with the largest log likelihood in these three cases. For the remaining populntions, n, = 2 and nZ = 4, with critical points (1.63, 1.99 ). Comparing the loglikelihood ratios shown in Table 2 with the critical points reveals that, at the 5%' significance level. model selection by the likelihood dominance criterion and the AlC coincide.
The outcome of the sampling experiments is depicted graphically in Figures 1-5 . Each figure shows a graph of the actual population density. g(x), as a solid line, a graph of the fitted form of the actual population density, g(x), as a line with long dashes, and the fitted restricted H T transformation, ,f(x), as a line with short dashes for each of the three sample sizes and. with the exception of Figure 5 , for two sampling populations. From the figures, it is apparent that both the fitted form of the actual population density and the fitted form of the restricted H T transformation provide better approximations to the actual population density as the sample size increases. With the exception of the order statistic population, the fitted form of the actual population density is essentially indistingi~ishable from the actual population density when estimated by maximum likelihood using a large sample. Moreover, the fitted form of the actual population density generally provides a better approxi mation to the population than the fitted form of the restricted HT transformation. Hence, as might be expected. information on the parametric form of the population density has value in approximating the actual popirlation density using sample data. transformation has value when the parametric form of the population density is uncertain. Figure I shows that the restricted HT transformation appl-oxiniates the nol-rnal density very well and nearly as well as the normal density itself for the population sampled. The approximation provided by the restricted HT transformation h r the beta population sampled is not so impressive, though the basic shape is preserved. The restricted HT transformation provides an excellent approximation to both the earnma and logistic populations sampled The results of the sampling experiments involving small, medium, and large samples suggest that the restricted H T tl-ansformation with a cubic polynomial is sufficiently flexible to compete with the parametric forms of the actual population densities in most cases. Exceptions include samples from the log-normal and Pareto populations, which were not approximated well. Even so, it should be kept in mind that the sampling experiments pitted the restricted HT transformation against common alternatives on their own turf. This is the case because the samples were drawn for the common alternative densities. As Taylor has shown, in cases where the pal-ametric form of the population density sampled is unknown or exhibits properties not usually found among common probability density functions, such as bimodality, the HT transformation's flexibility may provide an advantage in approximation.
Community-Supported Agriculture Real Net Income per Acre
Community-supported agriculture (CSA) began in the United States in western Massachusetts in 1984. Kelvin loosely defines CSA as a marketing arrangement in which farmer\ en- ter into an agreement with a group of local consumers to provide food for their families. Each CSA operation has its own unique arrangements between farmers and shareholders. However. the farmer is usually paid by the shareholders prior to the season for a weekly share of the harvest. CSA presents an alternative business model i'or farmers, especially those operating small farms, and the CSA cept is increasing in popularity. The number of CSA farms in Massachusetts is now 39. and there are currently more than 1,000 CSA farrils in the United States.
Basic data o n C S A operations in the northeastern Unitecl States were collected via a selladministered mail survey of CSA operations during the 1995-1 997 growing seasons (Sanneh. Moffitt, and L-ass). The mail surveys were sent to CSA operators in Connecticut, Massachusetts, Maine. New Hampshire. New Jersey, New York, Pennsylvania, Rhode Island, and Vermont, with a 36% response rate. The survey elicited data on the C S A operations. including farm s i~e , the proportion of acreage used for CSA operation\, re\enue\ from the CSA operation\, other on-farm enterprise\, nonfarm sources of income, farm outputs. types and number of shares sold, farm operating expenses, labor use, weed, soil. and disease management practices, and operator char- acteristics. The survey yielded 82 observations on net income per acre for CSA farms in the northeastern United States, which were expressed in 1997 dollars using the Consumer Price Index. This section utilizes these survey data to characterize uncertain CSA real net income per acre with an estimated probability density function.
It is important to provide some interpretation of the notion of uncertainty, which is reflected by the result of estimations based 011 the survey data. The defining characteristic of a CSA farm is a marketing arrangement that shifts production risk to shareholders. All revenue that a CSA farm will typically receive during a season is in hand prior to planting. If a CSA farm maintains its shure1iolde1-s. it should experience relatively little temporal variation. As expected, in preliminary analyses of both revenues and costs using the survey data. the null hypothesis that revenues and costs were equal across the three years could not be rejected. So an estimated probability density function for net income per acre based on the survey data is expected to provide primarily information on spatial variation. The estimated probability density function thus provides information on the variability of net income per acre across CSA fr~rrns in the northeast rather than that of a representative T h e normal probability distribution was investigated for C S A real net income per acre. rather than hypothesis testing. Statistical models are I-egarded as approximating the true but unknown probability density, and the focus is on obtaining the model that provides the best approximation. As described earlier, the Akaihe criterion is based on selecting the model that lnini~nires AlC = -2(log likelihood) + 2(number of parameters estimated). The values of the AIC statistic for the titted I-estricted HT transformation (-3(-759 .021) + 2(4) = 1526.04) and the titted normal density (-2(-761.194 ) + 2(2) = 1526.39) suggest that the restricted HT transformation be selected over the normal density for approximating the probability distribution of CSA I-eal net income per acre. The same result follows from application of the likelihood dominance criterion because the log-likelihood ratio = 2.173 > 1.98664 = [C(lll -11, + I ) -C ( l ) ] / 2. Hence, the fitted restricted HT transformntion is selected by the likelihood dominance cl-iterion. The Vuong test statistic is r1 ('"'(loglikelihood I-atio)/w,, = 1.28. which shows that the hypothesis that the titted norlnal density and the titted restricted HT transformation are equal cannot be rejected. Though it is not possible to conclusively reject the normal density. the approximation to the sample data provided by the restricted HT transformation appears to be better according to the model selection criteria and equivalent from the perspective of hypothesis testing.
Concluding Remarks
Use of the HT tl-ansformation for characterizing uncertain outcomes was investigated. Restrictions on the HT transformation were derived to ensure that a PI-obahility density function results from its estimation. A constrained maximum likelihood procedure was developed for the restl-ictecl HT transformation that embodies a cubic polynomial. Sampling experiments showed the I-estricted H T transformation and constrained maximum likelihood estimator to be easily implemented and capable of approximating several common probability density functions well. The restricted HT transformation was estimated using real net income per acre observations for community-supported agriculture f~i r~n s in the northeastern United States. The titted t-estricte d HT transfcxmation approximated the sample data better than the normal density, which was also estimated by m a x i m u m likelihood.
Results indicate that the restricted HT transformation provides a viable alternative t o several c o m m o n probability density functions for characterizing uncertain outcomes. Notable exceptions include cases where sample data are suspected of having been generated by logn o r m a l o r P a r e t o -t y p e p r o b a b i l i t y d e n s i t y functions because the restricted HT trunsformation provided relatively poor approximations in these cases.
